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Abstract. Un cr-operateur sur la complcxification Vc d'un espace vectoriel 
reel Vr est un operateur A £ Endc(Vc) tel que cr(A) = 0, ou <r(z) est la 
fonction <r de Weierstrass. Dans cet article, nous introduisons la notion de 
cr-operateur fortement pseudo-reel et demontrons qu'il y a une correspondance 
biunivoque entre les structures de Hodge mixtes reelles et les cr-operateurs 
fortement pseudo-reels. 

A cr-operator on a complcxification Vc of an K- vector space VJr is an oper- 
ator A £ Endc(Vc) such that cr(A) = where c(z) denotes the Weierstrass 
cr-function. In this paper we define the notion of the strongly pseudo-real o- 
operator and prove that there is one to one correspondence between real mixed 
Hodge structures and strongly pseudo-real tr-operators. 



1. Introduction 

Let § := Rc/R&m and let Vr be a finite dimensional real vector space. By a 
real Hodge structure (HS) on Vr we understand a finite direct sum of real pure 
Hodge structures with given weights cf. pQ. We can consider a Hodge structure 
as a real algebraic group representation p : § — > GL(Vr) (see eg. [T], [S], [B] for 
the definition of HS). Let Cp be the Lie algebra representation of p. The following 
operator 

S := S(p) := Cp{l + End(Vk), 
introduced in [ 1] , will be called the Hodge-Lie operator of the real HS given by p. 

Let a(z) be the Weierstrass' sigma function for the lattice A := Zwi +Zcj2 with 
U)\ = 1 — i and ui2 = 1 + i : 



a(z) := z \~] ( 1 - — ) exp 



0,9)^(0,0) 



1 

+ - 



where 



A Pi g := pwi + qu 2 - 



Definition 1.1. Let Vk {K = R rcsp. K — C) be a finite dimensional vector 
space over K. An endomorphism A G End(VR-) is called a (real resp. complex) 
cr-operator if a(A) = 0. 

Observe that if Vc — Vr ®r C then A is a cr-operator on Vc if and only if A is a 
cr-operator. In |T] we obtained the following result: 
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Theorem 1.2. (i) Hodge-Lie operator S of any HS is a real a-operator. 

(ii) There is one to one correspondence between HS and the real a-operators. This 

equivalence is given by assigning to a HS its Hodge-Lie operator: 

P < — > S{p) 

Christopher Deninger asked us very interesting question whether our approach to 
real HS via Weierstrass a function can be extended to the mixed Hodge structures 
(MHS). This paper is an affirmative answer to the C. Deninger's question (see 
Definition 11.51 and Theorem 11.61 below) . For the definition of MHS see eg. [5] , [3] , 
[3] cf. the Definition 12.11 below. In all of this paper a MHS means a real MHS. 

Let us introduce basic definitions and state the main results of this paper. The 
proofs of these results are given in section 3. For every A S A define: 

o~(z) 

(1) v\{z) - 



z-X 

We will write a rn ^ n (z) := o~\ m n (z) for all (m,n) 6 Z x Z. 

Definition 1.3. Let Vc '■= Vk (8> C. A cr-operator A on Vc is called a weakly 
pseudo-real if 

(2) ar, s (A)(A-A)a p , q (A) = 
for all r + s > p + q. 

Theorem 1.4. Every weakly pseudo-real a-operator A determines a MHS. 

A natural question is whether there is one to one correspondence between weakly 
pseudo-real a-operators and real MHS on Vr. In general the answer is no. However, 
if we strengthen the condition @, then we can strengthen the Theorem 1 1.41 

Definition 1.5. Let Vc := Vs. (S) C. A cr-operator A on Vc is called a strongly 
pseudo-real if 

(3) a r , s (A)(A - A)a p , q (A) = 
for all r > p or s > q. 

Theorem 1.6. There is one to one correspondence between MHS and strongly 
pseudo-real a-operators. 

Observe that A is a weakly pseudo-real (resp. strongly pseudo-real) cr-operator 
if only if A is a weakly pseudo-real (resp. strongly pseudo-real) cr-operator. 



2. Deligne splitting of a mixed Hodge structure 

Definition 2.1. A real MHS on Vr consists of two filtrations, a finite increasing 
filtration on Vr, the weight filtration VF, R and a finite decreasing filtration F' on 
Vc ■= Vr ® C, the Hodge filtration which induce a pure real HS of the weight n on 
each graded piece 

(4) GrZOk) = W*/W*_ x . 
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Theorem 2.2. (Dcligne splitting of MHS). For any MHS there exists exactly one 
decomposition: 

(5) Vc = ®P>* 



p.q 



such that 



(6) W n = P>\ if = ©]*'', 

p+q<n fc >p 

(7) P« = pi3 mod £)„_!,,_!, 

(8) Wn:=W*(8> R C, £> r , a :=®/*.'. 

i=<T- 

!<s 

T/iis decomposition can be expressed via weight and Hodge filtrations in the following 
way: 



(9) i M = v p p +q n + t/^-i), 

w/iere 

(10) ^ := F* n W„, C/™ := £ C-?- 

For the proof of the Theorem O see [4] (cf. [2] pp. 471-472). Observe that 
VS=^nW n because W^ = W n . Moreover 



(11) D Vjq = Dg jp 

(12) W n = D p>i 

p+q=n 

3. Mixed Hodge Structures via pseudo-real ct-operators 

Let A be a er-operator on Vc = Vr<£>C We get the following decomposition into 
eigenspaces: 

(13) V C := ® I™, I™ := {x G V : Ax = X p<g x}. 

p,q 

Certainly 

(14) 2™ =7** 

because X qtP = A Pi9 . Define the weight and Hodge nitrations and bifiltration of this 
er-operator in the following way: 



(15) < : =®4 



/ 

A ■ 



r>4-Q<n k>p k<p 
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Definition 3.1. Two cr-operators A\ and A2 are called weakly equivalent if they 
determine the same weight filtration and they induce the same homomorphism on 
the grading of the weight filtration (hence their difference is a homomorphism of 
weight filtration of degree —1). 

Lemma 3.2. Let Vc be a complexification of the real vector space Vr. A a -operator 
A G Endc(Vc) is weakly pseudo-real if and only if operators A and A are weakly 
equivalent. 

Proof. Consider the decomposition (TT3|) . The lemma is a consequence of the fol- 
lowing equality: 

°~p,q{A) — 0~p,q{^p,q)Pp,qj 

where P Pj9 denotes the projection operator 

p . £T\ rm.n jp,q 

onto the direct summand I\^ q ■ Q 
Proof of the Theorem \lA\ 

By Lemma [3.2l the cr-operators A and A are weakly equivalent, hence they determine 
the same weight filtration W, — W, , where W, := and W, = W^. Hence the 
weight filtration W. is a complexification of certain increasing filtration on Vr. 
Induced quotient operators [A] n , [A] n on W n /W n —i are equal, hence are real cr- 
operators (a real cr-operator on Vc is a cr-operator which is a complexification of an 
operator on Vr). All eigenvalues of the operator [A] n have real part equal n, hence 
this operator gives a pure Hodge structure of weight n. Hodge filtration of the 
cr-operator [A] n on W n /W n -i is induced by the Hodge filtration of A. Hence the 
weight and Hodge nitrations of the cr-operator A induce a mixed Hodge structure. 

□ 

The double increasing, finite filtration . given in (TTSl) leads to the following 
definition: 

Definition 3.3. Two cr-operators A\ and A2 are called strongly equivalent if they 
determine the same double filtrations = and their difference is a homo- 
morphism of this bifiltration of bidegree (— i, — i). 

Lemma 3.4. A a-operator A is strongly pseudo-real if and only if operators A and 
A are strongly equivalent. 

Proof. The proof is very similar to the proof of Lemma 13.21 concerning the weakly 
pseudo-real cr-operator. □ 

Proof of the Theorem WM 

Every mixed Hodge structure (W m , F') determines uniquely the canonical Deligne's 
decomposition (O - (j8|). Hence cr-operator A 

A := ^p.q id/p.<j 

is also uniquely determined by this mixed Hodge structure and is strongly pseudo- 
real. Indeed 

A = \ p .q idj^Tp-, 

P,Q 
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because A 9iP = X p . q . Recall that D qp = D pq . Let x G D pq . For r < p, s < q, k < 

^r,s;k,l 



I < s there exist vectors x r s G I s > r , x r s G / r,s , u r s .t i G J ' such that 



— ^ ^ Xr,s , -^r,s *^r,s ^ ^ ^tr,s;k,l- 

Hence 



(A - A)a; = (A r , s - Xk,i)u r , s -k,i G D p _i )g _i, 

r,s,/c,/ 

where the sum ^ r g fe ; is given for indices r, s, k, I in the range r < p, s < q, k < 
r, I < s. By Lemma l3.4l the cr-operator A is strongly pseudo-real. 

Conversely every cr-operator A determines unique decomposition of Vc into eigen- 
subspaces (see (fT3|) and (fl5j) K When cr-operator ^4 is strongly pseudo-real then, by 
Lemma 13.41 equalities (p~3|) and (|15|) give the Deligne canonical decomposition of 
the mixed Hodge structure determined by A. Indeed in this case for x G I^ q we 
have Ax — Ax =: u G Dp_ l q _ 1: Hence 

(16) Ax — X p>q x + u. 
It remains to check that: 

(17) x + u' G If, 

for some v! G g _i- Since A is strongly pseudo-real we get . = -D^ 1 .. Ob- 

serve that the operator A Pj( jid — ^4 with domain and target restricted to the invariant 
subspace D p _ x q _ 1 is an automorphism because A P;9 does not belong to the spec- 
trum of this restriction of A. Hence there exists unique u' G D^_ 1 x such that 
Xp tq u' — Av! = u. By (fTB]) this vector v! satisfies the equality (fl7|) because of (p"4"l) . 
Observe that the following correspondences described in this proof: 

MHS i — > strongly pseudo — real cr — operator 
strongly pseudo — real a — operator i — > MHS 
are inverse one of the other. □ 
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